NEKLIHA #13
JHODPEPEHIIHAABHO-PAZHOCTHBIE MOJEAH

§ 13.01 Mogean c 3anmasgpiBannem

€ B stom paszere 6yayr paccmoTpenbl Koaeb6aHMsi B cHCTeMaX, KOTOpble OMNHCbIBA-
10TCS JUDPEPEHUUANbHO-PASHOCMHBIMU YPABHEHUSIMU OT OJHOU JAMHAMHYECKOHU II€e-

pEMEHHOU x(t ) Taxue ypaBnenus cpsasbiBalOT 3HaYeHHs (PYHKLUH x(t) U ee IIPOU3-

BOJAHbIX B MOMEHT BPEMEHHU ! co 3HayeHUSIMH DTUX K€ BEAHYHH, B3SITbIX B MOMEHTbI

BPEMEHH, OTAHYAIOIOHUECST OT Ha KOHCTAHTY T:
Xt :x(t —T). (1)

Jpyroe HasBaHue ypaBHEHMH, OMMCHIBAIOIIMX MOZEAH 3TOro KAacca - AM(Q@PepeHLH-
AAbHbIE YpaBHEHHsI C OTKAOHAKIIHMCA apryMEHTOM. B q)I/IBI/IKe dalge BCEro TaKHe
MOZEAH MCIIOAb3YIOTCSI AAsA ONMCAaHHMs CHCTeM C 3alasgblBaHMeM. DBaxHylo poAb Ta-
KHE MOJZEAU HUI'palOT TaKizK€ B 3aJa4daX MaTeMaTI/IquKOf;I 6I/IOCPI/IBI/IKI/I. l_IpI/IBeﬂeM JBa
rpuMepa.

€ Ilpumep 1. B LO03 paccmarpusarach MogeAb umcAenHocTH momyasuuu, BBeZenHas (Depxioab-

CTOM U y‘{I/ITbIBa}OLHaﬂ OI‘paHI/I‘-IeHHOCTb pecprOBZ
N =aN -bN? (2)

B psize cayyaeB BazkHO ydecTb, YTO KOHKYpPEHIMsl 3a pecypc CHAbHee BCETO Me:kay ocobsMu pas-

HbIX BOBpaCTOB. MOA,CJ\I) (2) O606I_gaeTCﬂ ypaBHeHI/IeM
N =(a=bN{)N, (3)

ra€ UHTEPBAA T - nopsiiIKa BPEMEHHU KH3HH OJZHOI'O ITOKOAE€HHS [CA78, C21]

CA78 Csupexes FO.M., Noroger J.O. VYcroitunsocts 6uororudeckux coobmects. M.: Hayka,
1978. - 352 c.

€ Ilpumep 2. Illupoxo ussectna mozern, BBegennass Maxu u ['aaccom (Mackey M.C., Glass

L; 1977) JAASI OIMMCAaHUsS YHCAEHHOCTUH X 6eAbIX KPOBAHDIX KAETOK!:

i = —bxta—t (4)
1+x7
Jra sgpoposbix aogeit b = 0.1 cyT_l, a=02 CyT_], T=6c¢cyr u n=10 [[M9I1, c.87].
I'M91 T'aacc A., Masku M. Or yacos k xaocy. Purmbr xusau. M.: Mup, 1991. - 248 c.

€ DPemenne HeNMHENHbIX auddepeHIMaAbHO-PA3BHOCTHDIX YPaBHEHHH, M0Z06HbIX
(3) u (4), npeacraBrsieT oueHb CAOKHYIO 3aZady, 4acTo He IOJABAACTHYIO MeTOZaM
Teopun Koaebauuii. OzHako NpH HCCAeZOBaHMH YCTOMYUBOCTH HEMOJBU2KHBIX TOHYEK
TaKUX MoJeAeH BO3HHKaeT Heo6XOJUMOCTb PAacCMOTPEHMsl AMHEHHOH MOJEAH C 3arlas-

AbIBaHHEM -~ KOTOpOﬁ MbI U OrpaHHUYIHNMCII.
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§ 13.02 Aunerninas mozeap nepporo nmopsjka

‘ paCCMOTpI/IM HpOCT@ﬁLLIym MOZEADb C 3alla3JblIBaHHEM -~ AHHeﬁHle CUCTEMY IIEP~

BOTr'O IIOpsAZKa C yYypaBHEHHUEM JBU:KEHHA

d
%:alx +0,x;, (5)

ypaBHeHI/Ie (5) BO3HHKAET B 3aJayde 06 HCCAEeJOBaHHHU YCTOﬁqHBOCTH HeHOZLBHHﬁHOﬁ

TOYKH oﬁlgero YpaBHEHHsA IIEPBOTO IIOPsIIKa C 3alla3JblBaHHEM BHJa

dx

— = F(x,x). (6)

dt

Jaa Toro, uTobpI peEHINTb YypaBHEHHE (5), HY?KHO B KayeCTBe Ha4YaAbHBIX YCAOBHH

3azaTb 6ecCKOHeuHOe MHO:KECTBO 3HAYEHHH IepeMEHHOH x(t) B AIOOOH MOMEHT U3

HUHTepBaAa [O,T]. [loatomy ¢ opmarbHOH Touku 3penus ypaBHenue (J) obrazaer

6eCKOHEYHOH pasMepHOCTbIO (pasoBoro npoctpaHcTBa K (6eCKOHEUHBIM YHCAOM CTe-
nener cBo6oabl N ). Oagnako MeToabl peleHHsi TAKUX ypaBHEHMH BO MHOTOM CXOKH
C MeTOoZaMH pelleHHsi OObIKHOBEHHBIX AU(PQPepeHLHaAbHbIX YpPaBHEHHH, a TMOBeJEHHE
PEIIEHUH He OYeHb YYBCTBHUTEABHO K /J€TaAsiM HadaAbHBIX YCAOBHH.

€ Buibepem B kauyecTBe eauHMIIbI BpeMeHM BeAMYMHY WHTepBaAa 3anasjblBaHusi 1.

pemeHHe YpaBHEHHUA

dx
d

rge O =0T, B = Bl'l', X1 = x(t —1) , BOBMOXKHO METOAO0M HOCAEZOBATEADHOIO HH~

= Ox +Bx19 (7)

rerpuposanna [bBK67, ¢.57-61].

BK67 - Beaaman P. u Kyk KA. Juggepenumarvuo-pasuoctubie ypasuenusi. M.: Mup, 1967.
- 548 c.
[lyctb ars npumepa HayanbHble yCAOBHSI COOTBETCTBYIOT IOCTOSIHCTBY (PYHKUMH Ha

HHTepBaAe [0,1]:

x(r)=1  0<e<l. (8)
Torza na HHTEPBAAE [1,2] PYyHKLHA x(l‘) OyZeT yAOBAETBOPSITb YPaBHEHUIO
dx
- = +
=0+, (9)

pellleHHe KOTOPOro, HelpepblBHOEe B Touke ! = 1, umeer Bz

x(1)=-P +(1 +E)e°‘(’ -, (10)

a a

Ha careayromem eaunuunom untepsane [2,3] (pyHKUMsT OyZeT omnpezAeAsTbCsl ypaBHe-

HHEM
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dr_, B o1 +B)ea(f‘1), (11)

dt a

pPELIEHUE KOTOPOro UMEET BUJ,

2

x(t) = Ce™ +B2 +Bt(1 +B)ea(t B 1). (12)
Q a

Koncranra C onpeaeasieTcst ycroBHeM HelpepbIBHOCTH (DYHKLMH x(t) B Touke [ = 2.

1.0

0.8 |

Puc. 13.01

0.6 |

X Pemenue ZupdepeHIHaAbHO - Pa3HOCTHOTI'O
04|

ypaBHenusi (7) mpu 3HaueHHAX MapaMeTPOB

02 |

a=-1, B= 1/ 2 M HavaAbHBIX YCAOBHSX

0% o5 1o 15 _zo 25 30 x(;) =1 (0<x<1).

M3 storo mpumepa BuAHO, YTO Aazke MPH MPOCTEHINIMX HAYaAbHBIX YCAOBHUSIX TPHME-
HeHHe MeToja IIOCAeJOBAaTEAbHOIO HHTETPHPOBAaHHA MaAO IIPUTOZHO JAsd OTBeTa Ha
Ka4eCTBEHHbIA BOIPOC 06 YCTOWYHBOCTH HEMOJBHAKHOM TOYKH - BOIIPOC O TOM, SIBAsI-
€TCsl AW pelleHHe x(t) PaCTyIUUM HAU YObIBalOIUUM I10 aBCOAIOTHOM BEAHYHHE IIPH
6OABIINX 3Ha4YeHHAX [ .

€ Paccmorpum apyrol MoAXoa K pelieHHIO, OCHOBAHHBIM Ha PacCMOTPEHHH HacT-
ubix pemenud ypaBHenus (7). I[lo amarorum ¢ o6bramHbIM AMHEHHbIM AH(DepeHIIH-
aAbHbIM ypaBHEHHEM C IOCTOSHHbIMH Ko3((QHUMeHTaMu, peliteHHe ypaBHeHus (7) 6y-

A€M HCKaTb B BHUZE SKCHOHeHgHaAbHOﬁ (PYHKLHH:
x(r) = Aexpt. (13)

[Toacranoska (13) B (7) mpuBoaut K cAezyloleMy TpaHCUEHZEHTHOMY YpPaBHEHHIO

AN XapaKTEPUCTHUIECKOI'O IMOKa3aTeAs] )\:
A=a +Be™. (14)

Cosokynnoctb kopuer ypaBHenus (14) 6yzem HasbiBaTb cHekTPOM 3TOro ypaBHe-

HH:A. B 06LECM CAy4da€ 3Ha4de€HMHs )\ KOMIIAEKCHBI. l_IOJ\O}KI/IM
A=u+iv, (15)

rae # u V - gefictButeAbHas U MHuMas dactd A. [loacranoska (15) B (14) npu-

BOAHUT K CHCTEME TPAHCLUEHAEHTHDbIX ypaBHeHI/Iﬁ

—u +0a +Be™cosv =0, (16)

V +Be™sinv =0. 17)
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Henocpeacteenno us nux BuaHO, 4TO ecau (u,V) - pemenusi cuctembr (16,17), To
(u,—V) TOK€e SBASETCS pPeIlleHUEM.

€ Paccmorpum uncaennbie pemenusi ypaBHenuil (16,17) npu pasanunbix sHaueHusx

rlapamMeTpOB.
a=1 B=-05 a=-1, B=05

0.768 0
-1.687 0 -0.315 0
-2.810 7.377 -2.221 4.444
-3.368 13.831 -3.091 10.804
-3.725 20.190 -3.545 17.131
-3.988 26.518 -3.855 23.441

M3 tabauupr BuaHO, 4TO HAMGOABIIYIO BEAHYHHY [AEHCTBHUTEABHOH YacTH HMeeT JeH-
crBuTeAbHbIl KopeHb ypaBHenusi (14). C pocTtomM MHMMOH 4YacTH JeHCTBUTEAbHbIE

qaCTHU KOpHeﬁ y6bIBa}OT, CTAaHOB/ACb OTPHLIATEAbHbIMHU.

304

Puc. 13.02

904 ° = A [ Torozxenue CIIeKTpa ZupPepeHIHaAbHO -
\Y% . 2 pasHocTHoro ypasHenusi (4) mpu 3HaueHmsAX
104 - rapameTpOoB a=1, B = —1/2 (A) wu

. a-= —1, B :1/2 (B) na xommnekcHo# maoc-

0 -
; KOCTH.
-4 3 -2 u -1 0 1
paCCMOTpI/IM Z[,eﬁCTBHTeJ\beIC KOPpHH YpPaBHEHHA (14) OHI/I OIIPEAENAKOTCA
YpaBHEHHEM
—u+a +Be™ =0. (18)

[lpu 3>0 aeficTBUTeABHDIH KOpeHb 3TOrO ypaBHEHHsl BCerja CyIeCTBYeT, H IIPUTOM
TOABKO OZMH. OITO CAeZyeT M3 TOTO, YTO HelpepbiBHas (PyHKuus B Aeoi yactu (18)
MOHOTOHHO y6bIBaeT OT HEOTPAHMYEHHO GOABINHX TOAO:KHTEAbHbIX (MpH U — —00) A0
HeOrpaHUYEHHO GOAbIIMX OTpULIATEAbHbIX (TPU % — 00) 3HaYeHMH.

[lpu B <0 ypasuenue (18) mozkeT umeTb ABa KOPHS MAM He MMETb HHM OZHOTO.
['panuua mexay sTuMu 06AacTIMH MapaMeTPOB OIPEJEASeTCS U3 YCAOBUS CYILECTBO-
Banusi y ypasHenus (18) asykpaThoro kopusa. B Touke aBykpatHoro kopus mpous-
BogHas (ynkuuu B AeBoH dacth (18) aorxna obpatutbea B HOoAb. K3 cucrembr

ypaBHEHUH

—u+a +Be™ =0, -1-Be™ =0 (19)
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HaXoZUM ypaBHEHHE KpHTquCKOﬁ ANHHUH
— __o-1
B, =—e"". (20)

[Tpu B <[, ypasuenue (18) He umeer BemecTBeHHbIX KOpHEH.
& O6mee pemenne ypapHenusi (7) MO2KHO TpeJCTaBUTb B BH/E CYIEPHO3BULIAU €ro

YaCTHBIX PEIIEHHH, UMEIOIIUX DKCIIOHEHUHAABHYIO (POPMY:

x(1) =" A exp Ayt (21)
k

Ecau Bce nmpunagrexainue crekTpy sHayeHHss A, HMMEIOT OTpMIIATeAbHble AeHCTBH-
TeAbHble YacTH, To pemtenre BuAa (1) mpu mpousBoAbHBIX HauaAbHbIX YCAOBUAX IIPH
t - © 6yaer crpemutbecst K HyAwo. (O6aacTb mapameTpoB, B KOTOPOH BbBIIOAHSETCS
9TO YCAOBUE, HA3bIBAETCSI OOAACTBIO YCTOHYHBOCTH.

€ [ panuupr ob6racTell ycTOHYMBOCTH Ha TIAOCKOCTH IapaMeTPOB {G ,[3} orpezeAsi-
totcsa cuctemort ypasHenui (16,17) npu smauenuu u = 0.

<> OTmeTHM aHaAOTHMIO C ONpeJieA€HHEM TPAHHUI] YCTOHYMBOCTH AHHEHHOH CHCTeMbl TIPH MapaMeT-
puaeckom pesonance (LL12).

s ypasuenusa (16) caeayer, uro npu V=0 oaHol U3 rpaHul sABAseTcs IpsAMas
a+pB =0 (22)

[lpn V# 0 rpanuupr o6racTel yCTOHYMBOCTH Ha TIAOCKOCTH IapaMeTPOB {G,B} or-
PEAEASIIOTCSI KPUBBIMH, KOTOpPbIE B MapaMeTPUYECKOH (POpMe 3aJAIOTCsl YPaBHEHHUSIMU

Vv
sinVv

a=vctgv, p=- (23)

Kazxaomy HHTepBaAy usMeHeHUs1 V oT HTU a0 (n +1)T[ COOTBETCTBYET OT/JAeAbHast

BETBb 3TOH KPHBOH.

\'m | | | Puc. 13.03
C<Xm> 4 -, 0 2 ['panuupr obracTn ycToHumMBOCTH AMQPepeHIHAND-

HO-pasHOCTHOro ypasHenusi (3) Ha mAockocTH mMma-

paMeTpoB {G,B} .

Bamkaiimmas k Hauary KoopaMHAT 06AacTb yCTOHYMBOCTH, OrpaHMYeHHast MPSAMOH

(22) u xpusoit (23) ¢ 0 <V <TI, nepecekaromumucsi B Touke O =[3 = —1, nokasana

na puc. 13.03.
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& O6mee pemenne (21) ypasuenus (7) gopMarbHO BKAIOHaeT 6€CKOHEYHOE YHCAO
SKCIIOHEHLIHAaAbHbIX KoMroHeHT. (OaHako SKCIIOHEHIMAaAbHblE YAEHbI C 6OAbLINMH
3Ha4YeHUsIMU ¥ U V OBICTPO 3aTyXalOT, ITOITOMY IIPAaKTHYEeCKOe pellleHHe MOKHO IIO-
AyuuTb, ocTaBuB B cymMe (21) AuIIb HECKOABKO KOMIIOHEHT C MOKasaTeAsMH, HMEIO-

IIMMHX HaHWMEHDbIIHWE OTPHULIATEAbHDbIE BEILIECTBEHHDbIE YaCTH.

1.2 -

Puc. 13.04

[Ipubnuxennoe penienue ypasaenus (1) npu
TeX K€ 3HAYCHMSIX [1apaMeTpOB B TPEXMOJIO-
BOM MIPUOJIMIKEHUH

x(1) = 1282 exp(-0315¢)
—0.282 exp(—2.221¢) cos(4.444¢)
00 05 1015 T 25 30 ~ 0597 exp(—2.221¢) sin(4.444¢)

€ Pemenne ypasuenus (7) xopollo anmpoKCUMHPYeTCs HEGOABIINM YHCAOM 3KCIIO-
HEHUMAAbHbIX (DYHKLHH, YTO yKasblBaeT Ha BO3MO:KHOCTb MPHOAUBHTb CaMO ypaBHe-
HUe OOBbIKHOBEHHbIM JAH((epeHUHAAbHbIM YpaBHEHHEM KOHEYHOro IopsiKa C IOCTO-

SHHBIMH KO3(p(MUMeHTaMH. B ypaBHeHun

dx
= oux(t) +Bx(r —1) (24)

(PyHKLMIO x(t —1) MOZKHO PasAOKHUTb B psisl | efiropa B Touke ! M B3STb KOHEYHOE

YHCAO YAEHOB.

<> Ormpeaerenre XapaKTepHCTHUECKHMX IOKasaTeAeH TaKOro ypaBHEHHsl HE HAMHOTO IMpOIe, dYeM
pemtenne TpaHcuenaentHoro ypaBHenus (14). Ognako npu HekoTOpbIX KOMOMHALMSAX TapaMeTPOB

(manpumep, npu |B| <<|d|) XapaKTepHUCTHYECKHe II0Ka3aTeAd IIPH TaKOM IOoZXoJe MOIYT ObITb Bbl-

pazK€HbI IIPOCTBIMH (pOpMyJ\aMI/I. l_[O CYLIECTBY yKaBaHHbe;I oAXoJ, 3KBHUBAAEHTEH pPa3A0KE€HHIO

SKCIIOHEeHIMaAbHOH (pyHKuMH B ypaBHenuu (14) B pss u yaep:xaHHio KOHEYHOro YMCAA YAEHOB.

B nepsom npubamenun noayuaem

dx _ _pdx
E—O(x +PBx Bdt (25)

OTKyJda JAAA (e,Z[,I/IHCTBeHHOI‘O) BEILIECTBEHHOI'O IIOKA3aTEAS INIOAYYaEM

a+p3
AN =—-F. 26
0 1 +B ( )
[lpu sHauenmsx mapamerpoB O u [3, COOTBETCTBYIOIIMX MpUMepy B IPHBEZEHHOM
Bbutie Tabauue, gopmyra (26) aaer Ay =100 u Ay = —0.33; Tounble sHauenHus mo-

kasareneil paBubl Ay = 0.768 u Ay = 0315 coorsercTBenHo.
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BO BTOPOM l'IpI/I6J\I/I?KeHI/II/I MaKCHMaAbHO€E ﬂeﬁCTBHTCAbHOC 3HA4Y€HHE XapaKTEpHU-~

CTHYECKOI'O ITOKa3aTEAd Aa€eTCA q)OpMYAOﬁ

)\O:1+B—¢1+2B[3 —20pB —p2 27

[lpu sHauenmsx mapamerpoB O u [3, COOTBETCTBYIOIIMX MpUMepy B IPHBEZEHHOH

Bbiue Tabauue, popmyra (27) aaer snauenuss Ay =0.732 u Ay = —0.317.

A Uccregosanme obracTell yCTOMYMBOCTH B 3TOM TMaparpade H3A0KEHO B COOTBET-
CTBUH ¢ paborou

AM46 AHﬂ,pOHOB AA, Maﬁep AF HpOCTeﬁH.IPIe AMHEHHbBIE CHCTEMbI C 3alla3JibIBaHHEM.

Apromatuka u Teremexanuka, 1946, 1.7, Ne2-3, c. 15-41. (raxxe A56 - ¢.347-358.)
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