AEKLIHA # 04
CTAHJAPTHOE OTOBPANEHHE - 2

§ 4.01 Crangaprroe orobpaxenne npu maibix K :

PE30HAHC H CENaPaTPHCA

@ Ilycs T - orobpamenne. Mmuomectso O Touek {X} ¢asosoro mpocrpaHctsa,
Takux, uto (X EQ):>(T)? EQ), HasbIBAETCS  UHBAPUAHIMHBIM — MHOXMCECMBOM

(invariant set) orob6paxenuss 1. HuBapuantHoe MHO:secTBo ecTb uAM (pasoBas
TpaeKTopusi, UAH obbeauHeHHe (6bITb MOKeT, 6eCKOHEYHOro 4ucAa) ()asOBbIX TpPaeK-
TOPHH.

€ uBapuanrtHble KpuBble AMHAMHYECKOH CHCTeMbl Ha LMAMHJAPE UAH TOpe yAOGHO
xapaktepusoBaTb uuciom spawieHus O (winding number), xotopoe onpeaersercs
KaK cpejHee 3HaYeHHe TPUPAIIEHHS LUMKAMYECKOH KOOPAHHATbI 3a OJHO OTObGpaze-

HHE, U3SMEPEHHOI'o B AOAAX IIOAHOI'O yraa:

— 1 en_eo
a—IlmW. (D

[lpu nmoacuere O yroa O He mpuBoauTCS K MHTepBaAy (O,ZT[).

< s crangapraoro orobpaxsenus npu K = 0 umcro BpaimeHus MHBapHAHTHBIX KPUBBIX IIPO-
MOPUHOHAAbHO JeficTBHIO: O = [ / 21.

€ Ilpu K <<1 B obractu ‘] ‘ <<1 usmenenuss I u O 3a oaHy uTepanuio Maibl: U3
(S) npubamzkenno caeayror Y

dl . de . dI
%—Ksme, %—I+%. (2)

<> I/ICCJ\eﬂ,OBaTb (paBOBbIﬁ MopTPET AHH&MH‘ICCKO;I CHCTEMbI (11)

[ Ipene6bperas mocaeanum urenom B [ 1Y Broporo ypasnenwus:

dl : do
—=Ksnb, —=1. 3
dn dn ©)
STO ~ KaHOHHYEeCKHEe ypaBHeHI/IH TN aBTOHOMHOﬁ CUCTEMbI C TAMHUABTOHHAHOM
]2
H([,9)=7+Kcose (4)

Cucrema (4) nasbBaercs masmruxom (pendulum).
¢ FaMI/I}\bTOHHaH (4) MOZKET 6bITb ITOAYY€H YCPEAHEHHEM II0O BPEMEHH T'aMHAbTOHHaHa poTaTopa C

nepuogudeckumu Torukamu (2) (§ 3.3).
€ B stom npubamkenuu MHBapHaHTHble MHOKECTBAa CTaHZAPTHOTO OTOGpazkeHUs

(S) ectb AMHMM ypoBHs ramuAbToHHaHa MasTHuka H(/,0). ¥YcroiuuBoit HeroaBu:x-
Hoit Touke cooterctByer H(0,) = —K. Heycroitumsoit (cearoBoil) HemnoaBuHOM

Touke cooterctyer H(d) =K.
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€ [lpoxoasmmas wepes cearo Ammms yposua H([ ,G)ZK ecTb cenapampuca

(separatrix). Ona onpeaeasieTcst ypaBHeHHEM
14(0)= iZRsing (So)

Buytpu cenaparpucot ars [ kpusoit 0 = 0. 1o - ob6racTb HeAMHEHHOro pesoHaHca
(pesorarc) ¢ a=0.

<> IlpoBeputp BbmOAHeHHMe wucroAb3oBaHHOro mpu Tepexoze ot (2) k (3) zonywenus
|d[/dn| <<|]| Ha cenaparpuce (Sg).

§ 4.02 Ycroiiunsoe n HeycroHunBoe MHOroo6pasus
Pacruenrenne cenaparpucpr

€ [lycts B pasoBom mpocTpaHcTBe {f} sagaHo ortobpaxenue 1. CopokymHocTb

TOYEK 3_(;, KOTOpPDbIE IIpH 3IBOAIOLIHMH CHCTEMDbI CTPEMATCSA K ﬂaHHOﬁ (HEHOZ[,BI/DKHOI?I)
0,

TOYKe coBlazasi ¢ HeH B TmpexeAe, obpasyeT ycmouiuusoe mHozoobpasue W,

—_

(stable manifold) Touku o.

lim7"(¥)=6 = *XeW, (5)

n— 0

Heycmoiiuusoe mrnozoobpasue W, (unstable manifold) Touku 6 ars orobpamenus

o -1
T ectb ycronunBoe MHOroo6pasue ob6paTHOro eMy otobpazkeHust 1

lim77"(¥)=6 = XeW, (6)

n — o0

< Tlo onpeaerenusm, VVS H VVu CyTb uHBapHaHTHble MHO:ecTBa. <~ Ilpumep. Cemnaparpuca

(So) ecto W, u W, ars touxn 0, B ravuabronoBO# cHcteme (4), ecau 3a 1 B3sTh omepatop 3Bo-

AIOHUH C AIO6BIM HHTE€PBAAOM BPEMEHH At.

€ /lra orobpazkenus (S) cenmaparpuca mastauka (S()) zaeT HyAeBoe MpHO6AMKEHHE.

Yrounum ero. Ecau W, , ects kpusas [j;(8), To mo onpezerenmo uHBapHaHTHOTO
MHozKecTBa BMecTe ¢ Toukoil ([;;,0) Ha Toil ke KPHMBOH ZOAXKHO AexkaTb ee H306pa-

»Ke€HHe - TO4YKa ([,ﬁV,e’ ) Orcroza caeayeT (pyHKLHOHAAbHOE ypaBHEHHe

Iy(8+ I,,(8) + Ksin 6) =1,,(6) +Ksin 6, (7)
[ycrs 1,(0) = Zan 0" (ay; =0). Tloacranoska storo psiza B pasromenue (7) u
n=1

NpupaBHUBaHHe Koad(puuuenTtos npu 0 aator:

2
a?+a K=K = a1=—§iW/K+KT (8)

B IepBOM MPHUOAMZAKEHUU VVS U VVu ~ 1psimble ¢ HEPABHbIMMU yraamMu HaKAOHa.
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@ [IlpupasnuBas kos@uuuentsr npu 03 B pasromennn (7) B crenenHoll psia, Ha-

XOAHM:

_K Cll—l
= ; -
(1+a, +K) +a, -1

as 9

U aHaAorMuHo Bbictive @,: npu O <<1 pasnoxkenue IW(G) ObICTPO CXOAUTCS.

< Haiitu acumnroTHueckuil BUz KoapUIHEHTOB A5, +1 CTENEHHOTO Pa3AOKeHUsT (PYHKLIHH 1 W(G)
npu K — 0.

€ repauysivu yuacTka kpuBOH IW(G) noAy4daercsi popma W, - meraucrasi Kpusasi,
He Bxozsmas B Touky 0;. MmuoxectBa W, u W, ne coBnagaior - 310 ecTb pacwen-

JICHUE cenapampucst.

[1-c.101 © 2-c.198 * 4-c.135 * 5-c.168].

€ Ycronuusoe (W) u neycronunsoe (W) mHoroobpasusi HENMOABU:KHOH TOYKH TH-
ma ‘cearo” MOTyT HMeTb OOINMe TOYKH; OHM Ha3bIBAIOTCA  20MOKAUHMBLMU
(homoclinic). FEcau ectb oama romokaunHas Touka [);, To ux ectb OO MHOrO:
N, =Th, €W, kak obpas N; u €W, xak mnpoobpas I); mpu orobpaxsennu 1 *:
_ A\l

Ny = (T _]) N

€ O6mue ToukM ycToH4MBoro MHoroobpasusi W, Touku O, U HEYCTOMYMBOTO MHOTO-

ob6pasust W, apyron Touku 0, HasbiBatorcs zemepokauntvimu (heteroclinic).

[1-c.99 © 2-¢199 © 3-c.86 * 4-c.135 * 5-c.168 * 6-c.79].

€ O6begunenne HecoBnagaromux MHoectB W, u W, HeycTOHYMBOH TOYKH THIIa
“cearo”’ masbiBaetcsi cmoxacmuueckum caoem (stochastic layer), cmoxacmuueckoii
komnornenmotii (stochastic component) (asoBoro npocTpaHCTBa HAM XAOMUUECKOU

xomnornenmoii (chaotic component).

§ 4.03 Xaparrepucrukn croxactHueckon

KOMIIOHEHTDBI? Mepa

€ Mepa cmoxacmuueckoii komnonenmol [L ecTb a0Asi o6beMa (KoMIakTHOro) (a-
30BOr0 IPOCTPAHCTBA, 3aHATasi TOYKAMH CTOXAaCTHYECKOH KOMIIOHEHTbI

€ Ilpocroii crioco6 moacuera meppl (Ha Tpumepe craHzapTHOTO OTOGpazkeHus). Da-
30BbI KBazpaT pasbuBaercsi Ha N? KBajpaTHbIX sueek. Bbibupaercs X €W,
(nampumep, Touka Ha kpusoit [(0)). Jam mocaeaosareapmoctn {X,} = {f ”)?0}

(1£n<3NV) noacuurpiBaerca uucao M sdeek, B KOTOpble IOMAAM TOYKH M3 IIOCAE-

ZOBATEAbHOCTH {fn} Mepa |l onpeaersieTcss popMyAroit

M

= N2 (10)
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[lpu Takom mozcuere TouHOCTb omnpeiereHHss Mepbl O > max (N 1 eXp(—W / M))

B pa6ore [Ch79]: naiizenbr snmauenus [ ansi AeBATH 3HauyeHMH K; B 4YaCTHOCTH,

H(1)=044. Wcnoabsosaruch mapamerpor N = 10?2,V =10*, uro gaer & =01
c® [Ch79] - Chirikov B.V. Phys. Rep., 1979, 52, 5, 263-379.

’ BaBI/ICI/IMOCTb MepPbI |J. CTOX&CTHHCCKOﬁ KOMIIOHEHTbI CTaHAAaPTHOrO 0TO6pa}K€HI/IH

ot napamerpa K no gauubiM [Ch79] (cm. taxske [2, c. 312]) npeacraBaser mono-

TOHHO PacTYLUYIO (PYHKLHIO:

% 0.5 1 2 3 4 5
u 0.04 0.44 0.79 0.89 092 | 098

@ Doxee Tounbiii crioco6: Bbramcasercss JU(N) aas pasubix N M IpoBOAMTCS KCT-
panoasuuss kK N — . B pa6ore [UF85] ara cranaaprhoro orobpaxsenus mnpu
K =1 nangeno, uro
W(N)=p, +ANP, (11)
rae 3 =05+ 07.
o [UF85] - Umberger D.K., Farmer J.D. Phys. Rev. Lett., 1985, 55, 7, 661-4.
4 B pacore [UF85] ncronbsoparuc smaserms N <4096 u o1 ~107 +10°.  Abconiorsas

o -3 o
MOrperHoOCTb 6 3Ha4Y€HHH p'oo COCTaBAsIAA 210 . aKCTpaHOAHpOBaHHOC U3 JaHHbIX 3TOH pa6OTbI

3Ha4YeHHe |J.(1) =0514.

¢ OTJ\I/I‘-II/IG ITIOKa3aTeAsl CTEII€EHH B oT 1 CAYZKHUT yKa3aHHEM Ha 6CCKOHeqHy}O AANMHY T'paHHUILIbI

CTOX&CTI/I‘ICCKOI?I KOMIIOHEHTDI.

€ /lra onucanusi cTOXacTUYECKOH KOMIIOHEHTbI B 3aBUCHMOCTH OT 3HaueHHH |l Hc-
noAbsyloT cremuguueckie Tepmunbl. [lpu U > 0.1 rosopsT o samemmoii cmoxac-
muuHocmu. 3HaueHHe YIPaBASIOLIEro MapaMeTpa, MPH KOTOPOM JOCTUIaeTcsl 3Haye-
aue U > 0.1, nasbBator nopozom cmoxacmuurocmu (threshold of stochasticity /
chaos). B o6ractu 1 >0.5 croxacTudeckyro komIoHeHTy HasblBalOT crmoxacmuue-
ckum mopem (stochastic / chaotic sea), a ne npunaarexamme "Mopro" obractu
(pas0BOTrO IMPOCTPAHCTBA, GOADbIIEH HacTbIO 3allOAHEHHble WHBAPUAHTHBIMU KPUBbIMH,
OIUCHIBAIOIIUMH  PETyAspHOE JBHKEHHE, HasbIBalOT OCMPOBKAMU YCTOU4UBOCMU
(islands of stability). Ilpu =1, koraa cymecTsoBaHHEM OCTPOBKOB YCTOMYMBOCTH
MO2KHO TIpeHe6pedb, TOBOPAT O CMLAOWIHOL CIMOXACMUYHOCMU. JTH TePMHHbI He

UMEIOT (OPMAABHBIX OIpeZEeAEHHH.
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§ 4.04 XapakrepHCTHEH CTOXacTHYECKOH KOMIIOHEHTDI:

ITOKAa3aT€eéAb ./I}IH)’H OBa

€ Bboruucaenne nokasareas JsmyHoBa aas otobpaxenuit. I [ycrtb A(fi) - MaTpuua

ycroituusocta (cm. § 3.3) B Touke X,A,K0,=0X;, a A\, - sazauubii B 3TOH TOUKE
BEKTOP HAYaAbHOTO OTKAOHEHHsl TPaeKTOpHH. Bektop orkromenuss A, mocae 7 oto-
6pa:keHUH ZAeTCsl BblparKeHHEM
— 0 A —
A, =TTA®%)-A, (12)
i=n-1

[ lokasaTtean AsinynoBa ars otobpazkenusi, o onpegerenuio (cm. § 2.1) pasubiit

ozﬁllnA", (13)
n-on 0
MO2KeT ObITb OLIEeHEeH YHCAeHHO, €CAH BMeCTO Ilepexofla K IpeJeAy B3sITb YHCAO 1 KO-
HE4YHbIM, HO 60}\b]_HI/IM.
€ Haiigem anaiutuueckyo ouenky sabucumoctn O(K), mpurogmyro mpu K >>1.
l_IO Ol'[peﬂ,e}\eHI/I}O (CM. § 33) AOKAAbHbIM IIOKa3aTeAEeM HCYCTOﬁqHBOCTH B TOYKe .7_C>
Ha3bIBaeTCs J\OFapPICI)M MaKCHUMAAbHOI'O MOZAYAA CO6CTBCHHOFO 3HA4YE€HUA ManI/II&I,bI yc-

TOMYMBOCTH B ITOH TOYKE: O'()_c') = ln(max‘)\i(f)‘). Jra crangaptHOro OTO6pazkeHUs

cob6CTBEHHDbIE 3HAYEHUS A

2
R (4
3aBUCST TOABKO OT yrAa 9 pre&HﬂH 0-(.)_6) I10 9, ITOAYyYa€EM
| W2 1 T
o(K) = j InA,(6)dB +O(K ~4) j InA,(8)] (15)
0 B0

rae O(x) - pynxums Xesucaiiga, a 0, = arCCOS(—4K_1).

€ [lpu K >>1 moxno npenebpedb OrpaHUYMTbCSI TAABHBIM YA€HOM B aCHMIITOTHKE
C3 no K u noromuts 0, =0. Toraa unurerpar B (15) momer 6bIThb BbrumcAeH

AdHaAUTHUYECKH:
21
1 K
o(K)=—|InKcosB|db =In—. 16
(K) 2n£ K cosf| ; (16)

LII/ICJ\CHHOC HHTErpupoBaHHE (15) H JazK€ aCHUMIITOTHYECKas OLIEHKa (16) YAOBAETBO~

PUTEABHO COTAACYIOTCSI C pesyAbTaTaMu ducAeHHbIx pacuetoB [ GK85].

c> [GK85] - Grassberger K., Kantz H. phys. Lett. A, 1985, m, 4, 167-71.



